The systematic derivation of constants of the motion, based on Killing tensors and the gauge covariant approach, is outlined. Quantum dots are shown to support second-, third-and fourthrank Killing tensors.
INTRODUCTION
The relation between symmetries and dynamical conservation laws was established by
Noether's theorem [1] . In geometry, symmetries are encoded into Killing vectors and their higher-rank generalizations called Killing tensors [2] [3] [4] [5] [6] [7] . The relations between these concepts become particularly transparent in the canonical formulation of the dynamics, in terms of a Hamiltonian and Poisson brackets on phase space [8, 9] .
The best-known example of Killing tensors is provided by the Kepler problem : the celebrated (Laplace-) Runge-Lenz vector is indeed associated with rank-2 Killing tensors.
Higher-rank Killing tensors can also be considered; physical examples are rather seldom, though [10] [11] [12] [13] [14] . In this Letter we add some more examples to the list, provided by Quantum Dots [15] [16] [17] [18] . Our most interesting result is a fourth-rank expression, (3.24) below, obtained for a particular ratio of the frequencies.
CANONICAL APPROACH TO CONSERVATION LAWS
For particles coupled to scalar and vector potentials (Φ, A i ) the hamiltonian takes the form H = 1 2 g ij (q) Π i Π j + Φ(q), (2.1) where the Π i = p i − eA i denote the gauge-covariant momenta; e is the charge. The covariant brackets read [8, 9] 
where F ij = ∂ i A j − ∂ j A i is the field-strength tensor of A i on the configuration space with metric g ij , and the covariant derivatives are defined by
3)
The definition reproduces the canonical equations of motion:
Constants of the motion which are polynomials in the covariant momenta are obtained by solving eq. 6) which leads to the generalized Killing equations
{Q, H} = 0 with
as discussed in Ref. [9] . Note that any Q which is a polynomial in Π i of rank n, has C (m) = 0 for all m > n. In that case the highest coefficient tensor C (n) is a again a rank-n Killing tensor:
the next-to-highest coefficient tensor satisfies 9) and all tensors of rank n − 2 and lower are subject to the full equation (2.7). Furthermore, the generalized Killing vector C (1) is always required to be orthogonal to the gradient of the scalar potential.
APPLICATION TO QUANTUM DOTS
The above formalism can be applied to the Quantum-Dot model of ref. [15] [16] [17] [18] . This concerns two charged particles with Coulomb interaction in a constant magnetic field and a confining oscillator potential. The hamiltonian is
The magnetic field direction is the z-direction, and the confining oscillator potential is taken to be axially symmetric:
Transformation to center-of-mass co-ordinates
and
As the magnetic field is constant, F xy = −F yx = B, F yz = F zx = 0, the covariant brackets separate as well: {Q, K} = {Q, K} CM + {Q, K} red . In euclidean co-ordinates they read
In the following we restrict ourselves to the effective 1-particle problem defined by the reduced brackets and hamiltonian H red . To apply the formalism of generalized Killing equations we lump the oscillator and Coulomb potential into the single scalar potential
The equations of motion in 3D euclidean co-ordinates derived from the reduced hamiltonian and brackets then reaḋ
where the comma denotes an ordinary partial derivative w.r.t. r i , and ǫ ijk is the permutation tensor. The corresponding quantum theory is obtained by replacing the brackets of phasespace functions (K, Q) by operator commutation relations.
To make use of axial symmetry, it is convenient to transform to curvilinear co-ordinates
with metric g ij = diag(1, 1, ρ 2 ) and scalar potential (3.5). As F ρϕ = ρB, the covariant brackets are given by 8) where the covariant derivatives D i are defined by (2.3) with non-zero connection coefficients
As the angle ϕ is a cyclic co-ordinate, the corresponding canonical momentum is conserved. In the present covariant formalism this follows from the existence of a Killing vector and a Killing scalar,
spectively, where ω L = eB/2. They combine into the constant of the motion, namely the z-component of the total angular momentum,
The Hamilton equations
hence the Larmor frequency.
As discussed in [15] [16] [17] [18] , the model allows for more constants of motion whenever certain specific conditions on the frequencies hold, namely for certain exceptional values of τ =
• We first observe that there is a rank-2 Killing tensor
Then the generalized Killing equation (2.9) for C (1) is solved by
This vector is orthogonal to the gradient of Φ, as required by the first equation in (2.7).
Finally, the Killing scalar C (0) must satisfy
,ϕ = 0.
(3.12)
A solution, namely 13) exists, provided the frequencies satisfy
Combining the results, the full constant of motion,
We recover hence the Runge-Lenz-type quadratic expression found before for τ = 2, when the system is separable in parabolic coordinates [15] [16] [17] [18] .
Another constant can be constructed starting from the rank-4 Killing tensor
Then solving eqs. (2.9) for C (3) one finds the minimal solution
modulo a rather long list of separate rank-3 Killing tensor expressions, defining independent constants of motion. These are discussed in eq. (3.25) below.
The terms quadratic in the covariant momenta are now obtained in a straightforward way by requiring all contributions of order π 3 to the bracket {Q, H} to cancel; this gives the minimal expression,
Calculating the contributions of order π 2 , we have to add a linear term
(3.19)
It remains to find a C (0) (z, ρ) such that the bracket closes. This requires
,ρ = −
(3.20)
Let us first turn off the Coulomb potential, i.e., consider the a-independent part of these eqns. Then the integrability condition is
with allows for two solutions, namely
Thus, for the magnetic problem with a confining harmonic potential but with no Coulomb potential, there are two values of the Larmor frequency ω L for which there is a quartic constant of motion.
• In contrast, when a = 0, i.e., when the Coulomb potential is switched on, the terms linear in a are integrable only if condition (a) is satisfied (terms proportional to a 2 are actually always integrable) -which is, indeed, the integrable but non-separable case τ = 1/2 in [18] cf. [15] [16] [17] [18] . Imposing condition (a), the minimal solution for C (0) becomes (3.17) , (3.18) , (3.19 ) and (3.23) represents, for this special value of the magnetic field, the quartic constant of the motion in the CM system. Explicitly,
which is in fact the conserved quantity found in the integrable-but-non-separable case τ = 1/2 using quite different methods [18] .
More generally, the complete list of rank-3 Killing tensors is
Note, however, that these are composed of direct products of lower-rank Killing tensors and vectors. In particular, K 
(3.26)
We discuss these expressions in turn. First, K
1 satisfies the bracket relation K
1 , H = −2ρπ ρ ω , we have another quadratic constant of motion, namely Q 3 in (3.31), which is in fact the difference of the total angular momentum squared minus the square of the third component, found in Ref. [18] for τ = 1 i.e., when the system is hiddenly and effectively spherically symmetric.
